With some modifications, we adopt the coding/decoding method of image processing based on the direct and inverse fuzzy transforms defined in previous papers. By normalizing the values of its pixels, any image can be considered as a fuzzy matrix (relation) which is subdivided in submatrices (possibly square) called blocks. Each block is compressed with the formula of the discrete fuzzy transform of a function in two variables and successively it is decompressed via the related inverse fuzzy transform. The decompressed blocks are recomposed for the reconstruction of the image, whose quality is evaluated by calculating the PSNR (Peak Signal to Noise Ratio) with respect to the original image. A comparison with the coding/decoding method of image processing based on the fuzzy relation equations with the Lukasiewicz triangular norm and the DCT method are also presented. By using the same compression rate in the three methods, the results show that the PSNR obtained with the usage of direct and inverse fuzzy transforms is higher than the PSNR determined either with fuzzy relation equations method or in the DCT one and it is close to the PSNR determined in JPEG method for small values of the compression rate.
Introduction
The concept of Fuzzy transform (shortly, F-transform) of a function, introduced in [18] [19] [20] 22] , establishes a correspondence between the set of continuous functions on the interval [a, b] and the set of n-dimensional vectors. Conversely, the concept of inverse F-transform converts an n-dimensional vector into a continuous function which approximates the original function up to a small quantity e. In many problems involving complex computations, then it is possible to operate with an image of the original function obtained by using the Ftransform and hence by translating the functional problem into the respective problem of linear algebra, which is more convenient to manipulate since one deals with vectors. After that the computations are made, the result (which is an n-dimensional vector) is converted, via the inverse F-transform, to a continuous function which approximates the original function.
The same ideas concern also functions assuming assigned values in determined points of [a, b] by using the concepts of discrete F-transform and inverse discrete F-transform. Indeed, these last concepts are applied to a coding/decoding method of image processing already mentioned in [19] , here slightly modified in accordance to the papers [1, 2, 11, 12, 16] . In literature the usage of based fuzzy logic methods in image processes is widely known (see, e.g., [6, 7, 9, 10, 13, 21, 23] ).
By normalizing the values of its pixels with respect to the length of the gray scale used, any image can be considered as a fuzzy matrix (relation). We subdivide this matrix in submatrices (possibly square) called blocks. Each block is compressed with the formula of the discrete F-transform of a function in two variables and successively it is decompressed via the related discrete inverse F-transform. We recompose the decompressed blocks by obtaining a new image which is very similar to the original image and the quality of this reconstructed image is evaluated by calculating the PSNR (Peak Signal to Noise Ratio) with respect to the original one. A comparison with the coding/decoding method of image processing based on the fuzzy relation equations with the Lukasiewicz triangular norm [1, 2] (for short, FEQ) and with the Discrete Cousin Transform (for short, DCT) method are also presented. By using approximately the same compression rate in the three methods, the results show that the PSNR obtained with the usage of direct and inverse F-transforms (briefly, FTR) is higher than the PSNR determined with FEQ and DCT methods. Further, it assumes values close to the PSNR calculated in the JPEG method for low values of the compression rate. This paper is organized as follows: in Section 2 we give the concepts and theorems concerning the F-transforms of a continuous function in one variable and in Section 3, we extend these concepts to the F-transforms of continuous functions in two variables. In Section 4, we show how the techniques based on the discrete F-transform and its inverse are used for coding/decoding processes of images and in Section 5, we present our simulation results based on our proposed algorithm which is firstly compared with the FEQ method, afterwards with DCT and finally, with JPEG, by using several compression rates. In order to have an exhaustive picture of the experiments, we have considered 100 images of sizes 256 · 256 (pixels) extracted from Image Database of the University of Southern California (http://sipi.usc.edu/database/), but we show the results only for four wellknown images ''Bridge'', ''Camera'', ''Lena'' and ''House'' for brevity of presentation. Section 6 contains the conclusions.
F-transforms in one variable
Following the definitions and notations of [19] , let [a, b] be a closed interval, n P 2 and x 1 , x 2 , . . ., x n be points of [a, b] , called nodes, such that x 1 = a < x 2 < Á Á Á < x n = b. We say that an assigned family of fuzzy sets
(1) A i (x i ) = 1 for every i = 1,2,. . . , n; (2) A i (x) = 0 if x 6 2 (x iÀ1 , x i+1 ), where we assume x 0 = x 1 = a and x n+1 = x n = b by comodity of presentation; (3) A i (x) is a continuous function on [a, b]; (4) A i (x) strictly increases on [x iÀ1 , x i ] for i = 2,. . . , n and strictly decreases on [x i , x i+1 ] for i = 1,. . . , n À 1; (5) 8x 2 ½a; b; P n 1 A i ðxÞ ¼ 1 The fuzzy sets {A 1 (x), . . . , A n (x)} are called basic functions. Moreover, we say that they form an uniform fuzzy partition if (6) n P 3 and x i = a + h AE (i À 1), where h = (b À a)/(n À 1) and i = 1,2,. . . , n (that is the nodes are equidistant);
Let {A 1 , A 2 , . . . , A n } be a fuzzy partition of [a, b] and f(x) be a continuous function on [a, b]. Thus we can consider the following real numbers for i = 1,. . ., n:
Then we can define the n-tuple [F 1 , F 2 , . . . , F n ] as the fuzzy transform of f with respect to {A 1 , A 2 , . . . , A n }. The F i 's are called components of the F-transform and if the fuzzy partition is uniform, then the components (1) are given (cf. [19, Lemma 1] ) by
On the basis of knowledge of the components, now we can define the following function on [a, b]: where f F,n(e) (x) is the inverse F-transform of f with respect to {A 1 , A 2 , . . . , A n(e) }.
Note that such a fuzzy partition {A 1 , A 2 , . . . , A n(e) } of [a, b] is not necessarily uniform. Theorem 1 concerns the continuous case, but now we deal the discrete case, that is we only know that the function f assumes determined values in some points p 1 , . . . , p m of [a, b] . We assume that the set P of these nodes is sufficiently dense with respect to the fixed partition, i.e. for each i = 1,. . ., n there exists an index j 2 {1, . . . , m} such that A i (p j ) > 0. Then we can define the n-tuple [F 1 , F 2 , . . ., F n ] as the discrete F-transform of f with respect to {A 1 , A 2 , . . . , A n }, where each F i is given by
for i = 1,. . . , n. Similarly as in (3), we call the discrete inverse F-transform of f with respect to {A 1 , A 2 , . . . , A n } to be the following function defined in the same points p 1 , . . . , p m of [a, b]:
Analogously 
F-transforms in two variables
We can extend the above concepts to functions in two variables. Assume that our universe of discourse is the rectangle [ 
Similarly as the formula (3) 
Of course, an approximation theorem, similar to Theorem 1, holds also in the case of two variables (cf. [19, Theorem 14] ). In the discrete case, we assume that the function f assumes determined values in some points
], where i = 1,. . . , N and j = 1,. . . , M. Moreover, the sets P = {p 1 , . . . , p N } and Q = {q 1 , . . . , q M } of these nodes are sufficiently dense with respect to the chosen partitions, i.e. for each
In this case we define the matrix [F kl ] to be the discrete F-transform, extension of (4), of f with respect to {A 1 , . . ., A n } and {B 1 , . . . B m } if we have for each k = 1,. . . , n and l = 1,. . . , m:
By extending (5) to the case of two variables, we give the discrete inverse F-transform of f with respect to {A 1 , A 2 , . . . , A n } and {B 1 , . . . , B m } to be the following function defined in the same points (
The following generalization of Theorem 2 holds: The proof is omitted since it follows the same lines of the analogous Theorem 5 in [19] for one variable.
By coding/decoding images
In [19] , a method of compression/decompression of images based on the FTR method is mentioned, but here we modify it slightly.
Let R be a grey image divided in N · M pixels. It is seen as a fuzzy relation R :
being the normalized value of the pixel P(i, j), that is R(i, j) = P(i, j)/255 if the length of the grey scale, for instance, has 256 levels. In [19] , the image R is compressed by using a discrete F-transform in two variables [F kl ] (cf. formula (8)) defined for each k = 1,. . . , n and l = 1,. . . , m, as
where, by simplicity of notation, we have assumed p i = i and q j = j (consequently, , respectively. The compressed image can be decoded by using the following inverse discrete F-transform (cf. formula (9)) for every (i, j) 2 {1, . . . , N} · {1, . . ., M}:
We have subdivided the image R of sizes (10)) whose components, for each k = 1,. . ., n(B) and l = 1,. . ., m(B), are given by
The following basic functions {A 1 , . . . , A n(B) } and {B 1 , . . ., B m(B) }, used in (12), form an uniform fuzzy partition of [1, N(B)] and [1, M(B)], respectively:
and 
where RMSE (Root Mean Square Error) is given by
We note that R ; 
:
The original block R B is firstly compressed to a block F B of sizes 3 · 3 (hence q = 0,14063 = (3 · 3)/(8 · 8)) by using formula (12) , in which the basic functions A 1 , A 2 , A 3 and B 1 , B 2 , B 3 are defined by formulas (13) and (14), respectively, and they form an uniform fuzzy partition of the interval [1, 8] . The obtained block F B is represented with the following fuzzy relation: The block F B is decompressed to a block R ; which corresponds to the successive image of Fig. 2 . The related PSNR, calculated with formula (16) , is equal to 19.4789. Indeed, we see that the PSNR increases if the compression rate q increases as shown in Fig. 3 (in which, for sake of completeness, we have
We compare the results with those ones obtained by coding/decoding images with the FEQ method, that is with fuzzy relation equations under triangular norms [5, 8] . In accordance to the papers [ 
and we compare it with the PSNR calculated with the FTR method and the DCT method by using compression rates whose values are close to those ones utilized in FEQ and FTR methods. For sake of completeness, we also evaluate PSNR and RMSE in the JPEG method and we take into account also the Sum of Absolute Differences (shortly, SAD) defined as
which we compare with the same quantity calculated in the FTR and FEQ methods in correspondence of the (approximately) same compression rates.
Simulation results
For our tests we have considered 100 images extracted from Image Database of the University of Southern California (http://sipi.usc.edu/database/) with N = M = 256.
For brevity of presentation, here we present our results only for four gray level images ''Bridge'' (Fig. 4a) , ''Camera'' (Fig. 5a) , ''Lena'' (Fig. 6a) and ''House'' (see Fig. 7a) .
The values of M(B) = N(B) and m(B) = n(B) used in each compression rate in the FTR and FEQ methods are scheduled in Table 1 .
The corresponding values of the PSNR for ''Bridge'', ''Camera'', ''Lena'' and ''House'' are given in Tables  2-5 , respectively. As shown in Tables 2-5 , the PSNR calculated in the FTR method is superior than PSNR evaluated in the FEQ and DCT methods. The successive Tables 6-9 give a precise idea about the coding and decoding times in three methods for ''Bridge'', ''Camera'', ''Lena'' and ''House'', respectively, under the above compression rates. Tables 6-9 show that the coding (resp. decoding) times in the FTR (resp. DCT) method are lower than the analogous times in the FEQ and DCT (resp. FTR) methods under the above compression rates. For sake of completeness, we report in Tables 10-13 the values of the PSNR (16) evaluated in the JPEG method under the same compression rates for ''Bridge'', ''Camera'', ''Lena'' and ''House'', respectively. We have also given in these tables the following parameters: (18) and (19) and with the same (approximately equal) values of q for JPEG.
The successive Tables 14-17 give the values of the RMSE (17) and of the SAD (21) in three methods for the same images under the above compression rates.
In Table 18 (resp. Table 19 ) we report the values of the coding and decoding time, with approximately equal compression rates, for ''Bridge'' and ''Camera'' (resp. ''Lena'' and ''House'') in the JPEG method to be compared with Tables 6-9 which contain the analogous values in the FEQ and FTR methods for the same images. Then our tests show that the PSNR in the FTR method is less than the PSNR obtained by using the JPEG method. The gain of PSNR obtained with FTR method respect to the PSNR obtained with FEQ method is more evident in images with low compression rate. For these low values of the compression rate, the PSNR obtained with the FTR method has a value close to the PSNR obtained in the JPEG method. Fig. 8 (resp.  Figs. 9-11) shows the behaviour of the PSNR obtained in the methods FTR, FEQ and JPEG with respect to the compression rate for ''Bridge'' (resp. ''Camera'', ''Lena'', ''House''). In Fig. 12 (resp. Figs. 13-15 ) we represent, with respect to the compression rate, the decreasing curve of the gain in percentage of the PSNR obtained by using the FTR method over the PSNR calculated in the FEQ method based on Eqs. (18) and (19) for ''Bridge'' (resp. ''Camera'', ''Lena'', ''House'') as shown in Table  10 (resp. Tables 11-13 ). There is analogous representation, with an increasing curve, of the gain in percentage of the PSNR obtained by using the JPEG method over the PSNR calculated in the FTR method. 
Conclusions
The preponderant existence of computer networks used for video conference sessions and multimedia applications makes the research on fast efficient image compression algorithms an issue of vital importance. Thanks to the advent of the Internet, most of the communication tools based on visual interaction are widely exploited for professional and personal needs for which the goal in achieving efficiency is more crucial than precision and detail. In this case, the natural power of the human eye is somehow capable of recovering or integrating the missing information without affecting the overall perception phenomena. In addition to ''native'' Internet applications where video conferencing may be done by accepting a lost of information, we believe that interesting results can be obtained from our approach if we consider mobile video applications. Ten years ago, it was the internet that threw the telecom, media and marketing worlds into ferment . Nowadays we are observing a counter-tendency: many cable companies deal that will result in co-branded phones allowing consumers to download entertainment programs to their mobile phone and even remotely program their home digital video recorder. This trend opens new scenarios for marketers: if online video e-advertising is ramping up fast then mobile video advertising will follow it closely. For most mobile music and video applications the speed plays a key role; of course the technology will provide more bandwidth, but in the same way the media inte- gration becomes more complex. Within this scenario, our compression/decompression approach can be useful considering the simplicity in implementing the operational framework. We have shown that compression/decompression of images based on the FTR method gives best results with respect to the FEQ method based on Eqs. (18) and (19) : indeed the quality of the image, measured by PSNR, reconstructed with the first method is quite superior with respect to that one of the image decoded with the second method. Further the PSNR of the image deduced with the FTR method is close to the PSNR value obtained with the JPEG method for low values of the compression rate. Moreover, the compression time in the FTR method is minor with respect to the FEQ method. Other studies are necessary: among others, a comparison with other types of fuzzy relation equations used for coding/decoding processes of images (see, e.g., [7, 14, 15, 17] ) and applications of the FTR method to other topics like digital watermarking [4] , coding/decoding of videos [12] , image information retrieval [3] .
